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numbers and formulas

§1.1
numbers

This is a dificult question to answer. However, we use numbers everyday and we
live without problems concerning numbers (except during exams). But is does
not mean people from history have used numbers in their lives with ease. We will
go over the general makings and the basic principles illustrated on graphs in this
lesson.

1.1.1 0 Natural numbers O

In Japanese;
goooooode---
In English:
ong] twol three] fourO - - -

in such a way, counting numbers are taught in order. Putting objects in sequence to count
them, in other words, is omitting other assets of each number. Three apples and three pencils
are very diferent objects, but they use the exact same '3’ for categorizing. There is no
importance in number when it is about a sentimental pet such as a cat. Yet, there are values
in number when there are no sentimental values such as shepherding 100 lambs. Without
keeping count, one might be lost over night. *1 instead of numbering, you can name them.
But it is painstaking when trying to name 100 lambs. Any number that can be used to count
in order, greater than 1, is called natural number. For example:

1, 3, 42 100 23789

are all sdificient in defining natural numbers. Numbers suc%asand—3 are not considered
natural numbers.
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m Graphing Natural numbers

To illustrate natural numbers, consider the example below. First, put 0 on a straight line
(arrow pointing right), and label each joint on each segment with equal length with the ap-
propriate number.

D. Accordingly, each point represents a natural number. Line that present numbers is called
a number line (shown above). When X is a point and the number is a, it is writdé(apas
shown in the number line below.

1.1.2 0 integers [

When considering natural numbers as counting numbers, there is no meaning5n 3
for example, because it is impossible to take 5 away from 3. However, if a person borrows
600yen from another person with 1000yen, then that person is left with 400yen. Moreover, if
you borrow 1400yen from a person with 1000yen, you owe 400yen (formul?) which can be
efficient. Such numbers; negative)(natural numbers, 0, and natural numbers are altogether
called integers. For example

-2568 -23 -3, 0, 4, 57
are integers.
m Graphing integers

following the same steps as graphing natural numbers, label the points on the left side of O
as well. Number line abbreviated.
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1.1.3 0 rational number 0O

Sorting 6 objects in groups of % = 2 is formed. The 2 represents the 6 by 3 ratio. But 6

by 5 ratio cannot be described by integers in which results a new rgtio:

Generally,%; where a is a integer and intedek: 0, is called rational number.

Rational numbers such a% and% both can be reduced té through reduction.Likewise,
rational numbers that cannot be reduced is called irreducible fraction. Furthermore, integers
integer .. .
can be expressed acsi which implies integers can be rational numbers.

1
For example,

8 11 18
_§7 _2’ 0’ E$ ?, 26

are rational numbers.

rational number

In the form%, where integeb is not integela and 0, is called rational numbers.

@0 is never used as the divisor. % is accepted, and if the ratio equals 0, then

multiply both sides by 0
% x@=0x0
< 1=0 ~ reduced by 0

Which creates a strange result.

m Complex Fraction

2
a ratio of rational number by another rational number, suchi%s is written as... Ac-

7
cordingly, when the divisor or the dividend is a rational number, it is called complex fraction.

It can be reduced to a normal rational number by multiplying both the divisor and the dividend
2

with the least common denominator. For example,—l%, the least common denominator

-
of 3 and 7 is 21. So multiply 21 on both the divisor and the dividend

m Decimal number
Through computation on paper, rational numbers can be converted to decimal numbers

as shown at the right. Some decimal numbers can be finite decimals Sb%hzasl.ZS,
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or infinite decimals, Iikel = 0.3181818... Circulating decimals are infinite decimals

22
that repeat the same number. Use * for showing which part of the decimal is repeated. For
7
example, 5
7 _ o ..
55 = 0.3181818-- = 0.318

m Graphing Rational numbers
When putting% on the number line below, for example, divide the segment between 0 and

1 equally and pu% on that joint. Also when puttin%, think of it asl x 5;s0 countupto

2
five halves.

In order to graph a rational number such %)(first divide the segment between 0 and 1 by

the denominatort)) and count up a times with the distance of O%Eo correspond te% X a

m Density of Rational number
For example, between two rational numbe%:
2
and =,
3

There is always a rational number between two rational numb
mean-value of 10 and 20

i1_10_ 1 _20_2 3
3 30 30 30 3 .
magnify
another rational number exist.

By using the formula, X

mean-value oad andbc Magnify further

ad+bc
2

a _ ad < < bc _ ¢

b~ bd bd bd ~ d X

It is able to find a rational number between two other rational numbers.

Accordingly, the density of a rational number is that there are always another rational
number existing between two others. So there are innumerable amount to rational numbers
between another as shown if graphed:
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Image of a line stfied with rational numbers

Questiong] Convert fractions to decimals and decimals to fraction8l

Convert fractions to decimals and decimal numbers to fractions for the following qpes-
tions (1) through (4)

9 5 S o
Q) 16 (2) 37 (3) 0.625 (4) 0.429
0 Answerd

(1)O Use divisiori10.5625
(2)0 Use divisior10.135
(3) 0.625is 625 in fraction, then reduces t%.

1000
(4) First, put

X = 0.429429429.. e @

then multiply both sides by 1000 to get

1000K = 429429429 -« creeneeiaeeae, ©)

@ - Wthus
1000« = 429429429 - -
-) x =0.429429 -.
999% = 429

429 _ 143

Accordinglyd x = 999 = 333

@Computing circulating decimals just like x in algebraic equations maybe concern-
ing, and this will be covered in FTEXT Il

1.1.4 0 Real Numbers O

m [rrational Numbers
As mentioned before, there are full of rational numbers on a number line. Now let's see
how if any point on a number line can be converted to a rational number.
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For example, two adjacent sides of an isosceles
triangle each with length 1 has a hypotenuse.of
According to the Pythagorean Theorem;

P+1l?P=xXox=2

[

a!
0

Consequentlyx = V2 is the length and can be 1
shown like this graph on the right.

V2 2

DEVEOROMA@G U V2is not a rational number

Explain why V2 is not a rational number. Justify your answer.

When a conclusion is considered false, and while bringing justification that the conclusion is
false, but come to wrong justification, then the first conclusion is justified. *** This theory is
called reduction to absurdity. This theory is covered in FTEXT A.

0 Answerl]

Considerv?2 is a rational number, soy2 = % when a i
an integer, ant is integer but isn’t 0. When squaring bath

sides;
8.2
2 = F
202 =a2 ©

In this case, the left of the equal sign is a multiple two and
therefore the a is also a multiple of two. Consequently, sub-
stitute a for 2’. Then,

2b? = (2a')?
& 2p% = 4a?
b? = 2a®

The right side of the equation is a multiple of two bo
squared should be a multiple of two, batself is a mul-
tiple of two. Thena andb are both multiples of two and |it
goes back to the first conclusion.

As a result,V2 is not a rational number ]
Therefore, there are numbers that exist on the number line that is not a rational number but
is an irrational number.
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m Irrational numbers that are not circulating decimals

The decimal number of/2 is between 1 and 2 sincé:x 1022 = 4 and V2 equals 2 when
it is squared.

1.4% = 1.96 < 200 1.5 = 2.25 > 2therefore,

14< V2<15

And since,1412 = 1.9881< 20 1.422 = 2.0164> 2

141< V2 <142
can be said

1.41421< V2 < 1.41422

Likewise, it is able to calculate/2 to the closest possible rational numbers endlessly. Irra-
tional numbers,

Like V2 cannot have a circulating decimal because circulating decimals can be written in
rational numbers.

m Real numbers
Real numbers are both rational and irrational numbers combined. Rational and irrational
numbers fill the entire number line when graphed:

V3N 0 VoA
0 1 2 3 4

5 -4 -3 -2 -1

Image of a line graph packed with real numbers

For example:
-V23 -2v3, 5V2, Vo87

Are irrational numbers. Also

Pl 7= 31415926 --
Napier’s constant e = 2.7182818 - -

Are considered irrational numbers.
Whena, b, x, are considered real numbers when the variables are not given a specific
trait. Below shows a wrap up of the types of numbers.

1 This is calledcontinuity of real numbers. It will be discussed later in FTEXT llI
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Organization of numbers

Naturalnumbers

Integer 0
Rational numbers Negativeintegers
) ) finitedecimal
Real numbers non- integerrationalnumber ) ]
Recurringdecima
. L . infinite decima
Irrational numbers ............... non- recurringin finitedecimal

(D Questions] numbers

arrange the numbers into the following four categories
3’ _2’ O’ %’ _%’ \/é’ 1'.5'29 iy _\/1_6’ (\/5)27 7T2

6
(1) Find all natural numbers (2) Find all integers
(3) Find all rational numbers (4) Find all irrational numbers
O Answerd
36 2 36 2
(1) 3, 5’ (‘/3) <2 -60(V5) =5
2

@3 -2,0 =2, - V35 (V) - VEE-

.. 2
(3) 39 _2’ Oa %9 _%a 1-529 %’ - ‘/1_6; (‘/E) <1~S.2=E

(4) V3, 72

m absolute values

Absolute values are written with 1al such when O/Z\A
finding the distance between point O and point 0 2
Aa).

For example:

2=2, | -4|=4 A0

4 0

It can be concluded that absolute values are always positive.

values of positive numbers stays tk%%g in absolute values

value of negative numbers areonver% |Dnn s%pcﬂ H nng the sign in absolute values

Multiply by —1 when changing the positireegative sign.
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Absolute Values

Make two separate situations

a| = a (Whemmz0)
| —a (Whem<0)

can be made. Consequently,

lalz0, |a|=]-a]

can be concluded.

To find the distance AB between point&(and A_b—a_B
point B(b), a b
AB = |b-a| B_a—b<_A
b a

When eithema < borb < a.

@To find the distance between two points, subtract one from the other and then find
the absolute value of theftirence.

DEDOROMP@G U Properties of absolute values)

ustify these conclusions abcaiandb. (b = 0 in question 3)

2 = - a _lal
1) |a]®=a? (2) |ab| = |a]|b| (3) ‘ b‘_ B

Divide the work with the negative or the positive values inside the absolute value.
O Answerld

(1) i) Whenaz0O|a|=a ‘

O Left-hand sidel= |a|? = a? =0 Right-hand siT

i) Whena<0O|a|=-a

O Left-hand sidel= |a|? = (-a)? = a®> =0 Right-hand side

As of i) and i) | a|? = a?is concluded. n
(2) First, considea > 0
i) Whenb >0
ab>0, |a]=a, |b|=Dbthus
O Left-hand sidél=|ab| = ab
O Right-hand side=|a||b| = ab

can be conluded.
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i) Whenb=0
ab=0, |a|=a, |b|=0thus
0 Left-hand sidél=|ab| =0
O Right-hand side=|a||b|=a-0=0

can be conluded.
i) Whenb<0
Sinceab< 0, |a]|=a, |b|=-bthus
0 Left-hand sidél=|ab| = —-ab
O Right-hand sideé=|a||b| = a(-b) = —ab

can be conluded.
Incaseofa< 000 0OOCO0O0OO0ODDODOOOOOOD
O00Da=00000000o0oooooooOO

OOoODDO|abl=allbj0oOoOoOoO n
(3) First,
Li_ 1
‘b‘_\b\ @

can be written.

i) Whenb>0
% >0, |b|=bso
0 left side of @) :‘ %‘ = %
O right side of@l:l:ﬁ = %
is concluded.
i) b<O0OOO
%<0, |b| = -bso
O left side of @) :‘ %‘ = _%
0 right side of@Dzﬁ = ib = _%

is calculated.

As of i) and i), @ is concluded. Consequently,

5125

ol

< (2)is used
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1.2 Calculating Expressions 11

|-

<«Dis used

o

a_lal,
so+ b ‘ = o) is concluded. =

Properties of Absolute value

Justify these conclusions abauandb. (b = 0 in iii))

. .. a
) laf®=a i) |ab| = |al|b| i ‘%\:%

@Absolute value equations are used in alternating equations. (1) is for squaring,
with or without absolute value, (2) is for multiplying inside one or separate abso-
lute values, (3) is for division in one or separate absolute values.

§1.2
Calculating Expressions

Expressions that contains variables can be divided into two kinds.

1.2.1 0 Integral Expression [

m Monomial

A monomial is a group of numbers and variables that .
codficient

are multiplied like 2. The numbers in the expres-

sion are calleccodficients and the sum of all vari- 3 ab)g

ables that are being multiplied @egree For exam- four variables are multiplied so the degree is 4
ple, 3abxX has a cofficient of 3 and a degree of 4 (see

right).

Especially, numbers like 1 or -3 are considered as unary expressions containing no vari-
ables, and the degree is 0 (all numbers except 0). Also, the unary expression of 0 is considered
to have no degree at alll.

m Polynomial

Just like 21— 3b? + ab, a group of monomials added or subtracted is callpdlgnomial.
Each monomial in the polynomial istarm. Polynomial (a?) + (4ab) + (—6b?) is simply
written —a? + 4ab — 6b?.
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For example, polynomiadsb + 3ab— a?b + 2ab

}'milar terr@
5a’b + 3ab— a’b + 2ab

similar terms

=(5-1)a’b + (3+ 2)ab ~ Similar terms are assembled by computing theflecients

=4a’b + 5ab

simplified and gathered by similar terms 5
In a polynomial, the number of variables multiplied 4a°b + 5ab
in the term with the most multiplied variable is the degreeof 3 degree of 2

degreeof the polynomial. For example, at the right, degree of the polynomial is 3 (the larger degree of

4a?b + 5ab has a degree of 3.

m Integral expression

Both monomial and polynomial aistegral expressionsand the degree of the expression
with degreen is called theexpression degree oh. For example, #— 3 has a degree of 1 and
3x? — 4x + 5 has a degree of 2.

In a polynomial, the terms can be arranged by focus-
ing on a certain variable. The expression is described
according to the certain variable and the term without

the variable is called theonstant term. For example, When it is an expression of

3x3y + bx + ¢, when the expression is based xjrthe coeficient

expression has a degree of 3, ay is theflocient of x?, ay Degfe of 3 +
b is the codficient ofx andc is the constant term. codficient constant term

Moreover, if the expression is basedyrhen it has Whg)n cqp@@qé@dpt aﬁbg}%gwaiory of
a degree of 1ax3 is the coéicient ofy andbx + c is codficient constant term
the constant terrfl. Refer to a right pictur@ ax? y + bx+c
Degreeof 1  Degree of 0
m Descending / Ascending Order of power
Magnitude of the degree of an expression is describddghsor low. For example;-7 +
4x3 - 3x2+ X
when arranged from highest degree: x34 3x? + x — 7
when arranged from lowest degree: -7 + x — 3x% + 4x3

Consequently, when an expression is arranged from highest degree,
It is arranged by théescending order of power
And when it is arranged from lowest degree,
it is arranged by thascending order of power
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Problems: Degree of Integral expressior#l [

For the following integral expressions, find what degree it is when based on the varjable

inside [ ] and its cofficient.

(1) 3x%* [, [yl [xand] (2) 2abxy X, [y]. [xand]]

O Answerd]

(1) i) when based om, has a degree &, codficient of

3y’

i) when based og, has a degree &, codficient of
3x4

iii) when based ox andy, degree o8, codficient of
3

(2) i) when based or, degree ofl, codficient of2aby?

i) when based o, degree o, codficient of2abx

iii) when based on andy, degree oB, codficient of
2ab

Problem: Degree of Integral expression #2 ~

Simplify the following expressions below and find the degree of the expression when

based on the variable [ ]

(1) E+xy?-3xy?>  [X, V] (2) X+ (a2 - a)x3y + 2bxy? + ax®y — 4bxy?
(X1, [¥]

J

O Answerd]
(1) When simplified,

X2+ xy? — 3xy? = x° — 2xy?

i) when based on, the termx® has degree of 3 and
term —2xy? has a degree of 1 so it has a third gx-
pression (expression of degree 3). <« Choose the degree of the term with
i) When based oy, the termx® has degree of O (con-  the largest degree
stant term), term-2xy? has a degree of 2, so it has
an expression of degree 2. <« Choose the degree of the term with
(2) When simplified, the largest degree

X* + (a2 — a)Cy + 2bxy? + axy — 4bxy?
=x* + (@ — a+ a)X’y + (2 - 4)bxy’

=x* + a®x3y — 2bxy?
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i) when based om, the termx* has degree of 4, 3
for a®x%, 1 for 2bxy?, so it has an expression of

degree 4. < Choose the degree of the term with
i) When based oy, term x* has degree of 0, 1 for the largest degree

a®x®y and 2 for bxy?, so it has an expression of

degree 2. <« Choose the degree of the term with
the largest degree

Problem: Descending order of power]

Arrange the following integral expressions in descending order of power and name|each
codficient for each term.

(1) 3x° —12xy+ 4+ 3x> = 2x+5 (2) 2X? + 2y? — 3xy + 4y? + 2xy — X2
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0O Answerd
(1) First simplify similar terms, then, put in order.

3% - 12xy+4+ 3¢ -2x+5
=(3+3)%% + (-12y - 2)x + (4 +5)
=6x> — (12y + 2)x + 9
Consequently,x> has a cofficient of 6, coeficient
—(12y + 2) for x and9 is the constant term.
(2) First simplify similar terms, then, put in order.
252 + 2y — 3xy + 4y? + 2xy — X°
=(2-1)%% + (2-3)xy+ (2+ 4y
=x2 — yx+ 6y?

Consequentlyx? has a cofficient of 1, codficient -y

for x, and6y? is the constant term.

1.2.2 0 Adding & Subtracting Integral expressions [

For example, wheA = 3x°—2x+1, B = 2x?+7x-3, the sum and dierence of expressions

A andB can be solved accordingly:
i) Adding Integral expressions
A+B=(3%° - 2x+ 1)+ (22 + 7x—3)
=3x% - 2x+1+2x% +7x-3 ~ rentheses taken out
=3+ 2%+ (-2+ 7)x+ (1-3) — Gathered similar terms
=5x° + 5x - 2
i) Subtracting Integral expressions
A-B=(3%°-2x+1)— (2% + 7x—-3)
=3x% - 2x+1-2x2 - 7x+3 — rentheses taken out
=(3-2)x%+ (-2-7)x+ (1+3) ~ Gathered similar terms

=x* - 9x+ 4

The expressions can be computed vertically by lining up similar terms.
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) O i) O
¥ - 2x + 1 ¥ - 2x + 1
+) 2% + 7x - 3 -) 2% + 7x - 3
5% + Bx - 2 X — 9% + 4

1.2.3 0 Multiplying Integral Expressions [

m Law of powering
For example, X 2x 2 = 2’016 x 6 x 6 x 6 = 6* when real numbea is multiplied by itself
ntimes, it is written:

axax---xa=a"
————

n numbers ofa

and is read "a to the nth power.is called theexponent Whena'! = a, a® is calledsquare
andad is calledcube. a, a2, a3, ---. are calledpowersof a.
From the following powers

) x3*=( 3x3 )x(3x3x3x3)=3%(=3"%
~~—— S ———. —
2 numbers of 3 4 numbers of 3
i 2\4 _ _ 28 (_ 22x4
i) 3)*=( 3x3 )x( 3x3 )x( 3x3 )x( 3x3 )=3 (=39
2 numbers of 3 2 numbers of 3 2 numbers of 3 2 numbers of 3

i) 2x3)*=(2x3)x(2x3)x(2x3)x(2x3)=24x3*

Thus, the power law can be concluded:
Power law

The following are properties wham, n are whole numbers.

i) ama" = a™" i) (@M"=am i) (ab)" =a"b"

@m andn are whole numbers for this lesson but real numbers and decimal numbers
will be used later in FTEXT II.

m multiplying integral expressions
The distributive propertie&(B + C) = AB+ AC, (A+ B)C = AC + BC can also be used
whenA, B, C are integral expressions. For exampté{ 3)(x> — 4x + 5) can be solved using
the distributive property.
(X2 + 3)(x* — 4x + 5)
= X?(x% — 4x+ 5) + 3(x* — 4x + 5) — x2 - 4x + 15 is distributed as one component
=x' -4 +5x¢ +3x% -12x+15  — Gotrid of parentheses

=x'-4x +8x% - 12x+ 15 — Compute similar terms and put them in order of powers
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Expansionis calculating the product of the expressions and arranging monomials into addi-
tion, as performed just above.

1.2.4 0 Formulas for multiplying integral expressions 0

@Try to memorize all the algebraic formulas and its expansions that will be intro-
duced from now on. Just like memorizing multiplication up to 9x9, if you keep
on practicing and try to memorize these algebraic formulas, you will be able to
compute expressions with ease.

m Squared formulas
When expandinga(+ b)?
PN
(a+b?=(a+b) (a+h) alb
o

O @ 6 6 b|ba| I?
= a°+ab+ba+b?

=a® + 2ab+ b?

(a+ b)? = a® + 2ab+ b?. In the same waya(— b)? = a® — 2ab+ b?.. For example, (8+ 2)?
can be solved using the formula.

i) Efficientwaylo O i) typical wayl x O
(Bx+2P2= 9%°+2-3x-2+4 (3x+ 2)% = (3x + 2)(3x + 2)
R e ———
Abbreviate when you get used to it

=9x° + B6X+ 6X+ 4

=Ox% +12x + 4 5
=9x"+12x+4

Squared Formula

1° (a+b)? = a® + 2ab+ I?
2° (a—b)? =a?-2ab+b?

m Formulas: Product of addition and subtraction of integral expressions
When expandingg+ b)(a - b)

PN
(a+b)a-b)=(a+b) (a-b) al| -b
\®@/ ala?|-ab
® @ ® @ b|ba| P

= a - ab+ba-b?
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=a®-b?

Accordingly,@ + b)(a- b) = a? — b? is formed
Using this, (% + 2y)(5x — 2y) is solved below.

i) Efficientwayl o O i) typical wayd x O
(5x + 2y)(5x - 2y) (5x + 2y)(5x — 2y)
= 25x% — 4y? = 25x% — 10xy + 10yx — 4y?
= 25x2 — 4y?

Formulas: Product of addition and subtraction of integral expression
3 (a+b)(a-b)=a%-b?

m Formula: Product of linear expression

When expandingax + b)(cx + d)

PN
(ax+ b)(cx+d) = (ax+b) (cx+ d) cX d
N ax | ac¥ | adx

©) @ ® @ b | bcx| bd
= acX + adx+ bex+ bd

=acx¥ + (ad+ bo)x + bd

(ax+b)(cx+d) = ac¥+(ad+bo)x+bd. Whena = ¢ = 1, then &+b)(x+d) = x?+(b+d)x+bd.
Using this, (X + 3y)(5x — 4y) can be solved accordingly.

i) Efficientway] o O ii) typical wayd x O
(2x + 3y)(5x — 4y) (2x + 3y)(5x — 4y)
= 10X + (-8 + 15)xy — 12y? = 10x% — 8xy + 15yx— 12y?
ooooooooo :10X2+7Xy_12y2

= 10X + 7xy — 12y°

Formula: Product of linear expression

4° (x+b)(x+d)=x2+(b+d)x+bd
5° (ax+ b)(cx+ d) = ac¥ + (ad + bo)x + bd
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m Formula for squaring three terms
When expanding(+ b + ¢)?

(a+b+c)? = {(@a+b)+cy? albl ¢

=(a+b)>+2@+b)c+c? al|a®|ab|ac

= a% + 2ab+ b? + 2ca+ 2bc+ &2

=a’+b%+c? + 2ac+ 2bc+ 2ca

(a+b+0c)? =a+b? + c® + 2ab+ 2bc + 2ca. Using this,
(2x +y — 3)? can be solved accordingly.

i) Efficientwaylo O i) typical wayd x [
@2x+y-3y @2x+y-3y
= AP +y +9+42-2xy+2-y(=3) + 2 (-3)2 =(2x+y-3)(2x+y-3)
Abbreviate when you get used to it = 4x% + 2xy — 6X + 2yx+ Y% — 3y —6X— 3y + 9
=4 +y? + 9+ 4xy - 6y — 12x =42 +y? + 9+ 4xy— 6y — 12x

Formula for squaring 3 terms

6° (a+b+c)®=a’+b?+c?+2ab+2bc+ 2ca

m Cubic formula #1
When expandinga(+ b)3

(a+b)®=(a+Db)a+b)?

= (a+ b)(@® + 2ab+ b?) a® | 2ab | IF

ﬁC@\\ a| a | 2a% | ar?
—

=(a+b) (& +2ab+b?) b | ba2 | 2ak? | bd

Loy~

@ @] ® ® ® ®
= a® + 2a%b + alb? + b + 2ab’ + b®

=a®+3a’b+3ak? + b®

(a+b)® = a® + 3a%b + 3al? + b>. In the same waya(— b)® = a® - 3a’b + 3al? — b3. Using
this, (2x + y)® can be solved accordingly.
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i) Efficientwayl o O

(2x+y)®
=8C+3- 4%y +3-2xy’ +y°

Abbreviate when you get used to it

=8 + 12¢y + 6xy? + y°

ii) typical wayd x O
(2x+y)®
= (2x + Y)(2x + y)?
= (2X + V) (4% + 4xy + Y?)
= 8C + 8%y + 2XY + By + AxyP + Y

_ 3 2
= 8C + 12 vl w1

7° (a+b)® = a° + 3a’b + 3a” + b?
8° (a—b)® = a® - 3a%b + 3ak? - b®

@For reference:

(a+b)* =a* + 4a°b + 6a%b? + 4ab® + b*

(a+b)® =a° + 5a*b + 10a°b? +

10a%b® + 5ab* + b°

The ordinary expansiora@ b)" will be covered in FTEXT A.

m Cubic Formula #2

When expandinga(+ b)(zf/—aéa@sz\)\
@\\

(a+b)(@ —ab+b?) =(a+b) (a2 -ab+b? a | —ab | P
@/
@é/ al| a® | -a’b | at?
@ @ o @ 6 b | b& | —a? | b
= a - a’b + ab® + ba® — ab? + b°

=a®+b®

(a+b)(a®-ab+b?) = a®+b?. Also, (a—b)(a?+ab+b?) = a®-b®. Using this, (X+1)(9x*—3x+1)

is solved accordingly.
i) Efficientwayl o O

(3x+ 1)(9%% — 3x + 1)
= (3x+1){(3%% - (3 - 1+ 17}

Abbreviate when you get used to it

=27 +1

ii) typical wayd x O

(3x+ 1)(9%° — 3x+ 1)
=27 - 9% + 3x+ 9x? — 3x+ 1

=27 +1
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Cubic Formula #2

> (a+b)@®-ab+b? =a%+b’
10° (a—b)(a® +ab+b?) =as - b3

@Typically, this @ + b)(a® — ab + b?) and @ - b)(a® + ab + b?) is not expanded
further. On the other hand, formulas&nd 10 are used in factorizing from right

to left, which will be covered right after this lesson.

(D Practice Problems: Expanding Integral expressiong10] ~N

Expand the following expressions.

W (5 35)
(3) (2x-5y)(2x + 5y)
(5) (x+5)(x-8)
(7) 2x+1)(x-3)
(9) (3a—b+ 3c)?

(11) (2x+1)®

2
(13) (X+2)(x* - 2x+ 4)

@) (3a - %b)2
(4) (-2ab+ 3c)(2ab+ 3c)
(6) (&% -3)(@+7)
(8) (3a- 2)(4a+1)
(10) (@2 + a— 1)?
(12) (3a-2)?
(14) (ab— 3)(a2? + 3ab + 9)

0 Answerd]

1, 1.V _1 1 1
1 (—X+—)=—X2+—X +_2
@M (x+3Y) =7 3+ gy

) (3a— ib)z — 0a2 — 3ab+ =1
2 4

(3) (2x — 5y)(2x + By) = 4x? — 25y?
(4) (-2ab+ 3c)(2ab+ 3c) = 9¢? — 4a’b?
(5) (x+5)(x-8)=x2—-3x-40
(6) @ -3)@+7)=a*+4a%-21
(7) 2x+1)(x—3)=2x>-5x-3
(8) (3a-2)(4a+ 1) = 1282 — 5a - 2
(9) (3a-b+3c)? = 9a% + b? + 9¢? — 6ab — 6bc + 18ca
(10) @®+a-1¢P =a*+a%+1+2a°-2a—2a°
=at+2a%-a’+1
(11) 2x+1° =8x3+ 12> + 6x + 1
(12) (32— 2)® = 27a% — 54a2 + 36a — 8
(13) (x+2)(®—2x+4)=x3+8
(14) (ab- 3)(@’b? + 3ab+ 9) = a3b® - 27
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< Squared Formula(p.17)

<« Formulas: Product of addition

<« RBrhsBLRCiBR L EegraL RIS
st S atdnieed sxpres:

< Fé—lgﬂ%%.égroduct of linear expres-
< F—i&qm%ls)Product of linear expres-
<P8MRABProduct of linear expres-
< Fg—igﬂﬁ%lﬁg) for

terms(p.19)

squaring three

<«Formula for squaring three

<EBRENa #1(p.19)
< Cubic formula #1(p.19)
< Cubic Formula #2(p.20)
< Cubic Formula #2(p.20)
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(D Practice problems: Expanding Integral expressiongt20] ~
Expand the following expressions
Q) x+y+2(x+y-2 (2) 2a-b+c)(2a+b+c)
(B) (X+y+zZ+W)(X+y—2z—Ww) (4) @+a-1)@°-a-1)
(5) (x+1)(x—1)(x% + 1) (6) (a—2)(a+ 2)@% + 4)@* + 16)
(7) x=D)(x=3)x+3)(x+1) (8) (a—1)(a-2)(@% - 3a)
(9) (X+Y)(X=Y)( +xy+Y2) (X — xy+¥?) (10) (a+ b)?(a- b)?(a* + a?b? + b*)? )
O Answerds]
1) ‘
(X+Yy+2)(X+y-2) = (x+Yy)? -7 <«Formulas:  Product of addition
and subtraction of integral expres-
=X? + 2xy + y> = 7 < SiquatpdlEprmula(p.17)
2) .
(2a-b+c)(2a+b+c)=(2a+c)°-b <«Formulas:  Product of addition
and subtraction of integral expres-
=4a® + 4ac+ ¢ - b? <« Signa(pdlFprmula(p.17)
3)
(X+y+z+W)(X+y—z-W)
=(X+V)? — (z+ W)? <« Squared Formula(p.17)
=x% + 2xy + y2 -2 =-2zw-W <« Squared Formula(p.17)
(4) 2 2 2 2 2
@+a-@E@-a-)=(@-1)y-a <«Formulas:  Product of addition
and subtraction of integral expres-
=at-2a?+1-a’=a*-3a’+1 <« Siqua(pdlFprmula(p.17)
(5) 2 2 2
X+1DX-1D)X+1) =X -1 +1) <« Squared Formula(p.17)
=x*-1 <« Squared Formula(p.17)
(6) 2 4
(a-2)(a+2)@ +4)@" +16)
=(a® - 4)(a* + 4)(a* + 16) <« Squared Formula(p.17)
=(a* - 16)@"* + 16) = a® — 256 <« Squared Formula(p.17)
(7 ) )
(X=1D)X=-3)X+3)x+1)=(x*-1)(x*-9) <« Squared Formula(p.17)
=x*—10x* + 9 <«Formulas:  Product of addition
and subtraction of integral expres-
8) sions(p.17)
(a-1)(@-2)(a® - 3a) = (a® — 3a+ 2)(a’ - 3a) <«Formulas:  Product of addition
and subtraction of integral expres-
=(a® - 3a)? + 2(a® - 3a) < EiRpatpiad)
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=a* — 6a° + 9a° + 2a° - 6a

=a*-6a° + 11a’ - 6a

9
(X + V(X =Y + xy+ Y)(F = Xy +Y?)
=(X = V) + Xy + Y) (X + V) = Xy + Y?)
=(C -y +y) =x0 -y
(10)

(a+b)?(a- b)?(a* + a?b? + b*)?
- {@+b)(a- b)(a* + a7 + b))
— @ - D)@t + @ + b))

:(aﬁ _ b6)2 — a.12 _ 2a6b6 + b12

1.2.5 0 Fundamental factorization [

< Cubic Formula #2(p.20)

< Formulas: Product of addition
and subtraction of integral expres-

<« SabR(F3ihula #2(p.20)

Instead of expanding integral expressions, dividing expresaiono two expressions

andC of the product form is calletactorization. B andC in this case, are called tliactors
of A.\When factoring expressions, if there is@mmon factor, put it out side the parentheses

as shown in the example problems.

Example Questions: Factorizing with common factorsl

Factorize the following expressions.
(1) a*-2a
(3) p(2x—y) +aly - 2x)

(2) 6a’b + 4al? — 2ab
(4) 3a(x—y)+6b(x—y) + 9c(y— X)

O Answers]

(1) Sinceais the common factor cd* and—2a,
a*-2a=a(@®-2)
(2) Since abis the common factor ofa&b, 4al?
and-2ab
6a’h + 4al’ — 2ab = 2ab(3a + 2b — 1)

(3) Sincey — 2x = —(2x - y), the whole X -y is
the common factor

pP(2x—y) + d(y — 2x)
=p(2x-y) - q(2x-Y)

< Factor by common factor &
a| -2
ala*| -2a

<« Factor with the common factora
3a 2b -1
2ab | 6a%b | 4ab? | -2ab

<« Factor with the common facton@- y
p —q
p2x-y) | —ax-Y)

2x -y
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=(2x=y)(p-9)

(4) Sincey — x = —(x-Y), the wholex — y is the
common factor
3a(x—y) + 6b(x—-y) + 9c(y — X)
=3a(x —y) + 6b(x —y) — 9c(x - )
=3(x-y)-a+3(xX-Yy)-2b-3(x-y)-3c
=3(x —y)(a+ 2b - 3¢)

Although there may not be a common factor to factorize, it is still possible to factorize by

<« Factor with the common factor 8¢ y)

a 2b

-3c

3(x-y

3a(x—y) | Bb(x-Y)

—9(x-y)

reversing the algebraic formulas mentioned in the previous lessons.

m Factorizing by reversing the Squared Formulas (p.17)

Example Problems: Factorizing by reversing the squared formulas

Factorize the following expressions

(1) ¥ +6x+9 (2) a®-8a+ 16
(3) 42 + 12xy + 9y? (4) 922 - 24a + 16
O Answerd]
W
X“+6Xx+9
X 3
=x*+2-3x+ 3 <« x| x| 3x
x4 3P 3[3x| 9
@
a-—8x+16
X -4
=a? - 2. 4x+ 4 <« x | x| —4x
) —4 | —ax| 16
=(a-4)
®
4x2 + 12xy + 9y?
2X 3
=(2x)% + 2 - 6xy + (3y)? <2 [ 42 | 6x
3| 6x |9
=(2X + 3y)?
@
9a° — 24a+ 16
3a -4
=(3a)% — 2- 12a + 42 <3| 9% | -1
_(3a—4f —4 | —12a | 16
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Reversed squared formula

1° a? + 2ab+ b? = (a+ b)?
2° @ —2ab+b? = (a-h)?

@After factorizing an expression, expand it again to check your answer. Itis a little
time consuming, but be sure to check afterwards.

About Double Radical Sign
Whena > 0,b> 0, va+ \/5)2 =a+ b+ 2+vabd and sinceya+ Vb > 0

\/a+b+2\/§): \/(\/5“/5)2:\/5“/5 ...................... @

Also whena > b > 0, va- \/5)2 =a+b-2+ab, and sinceya- Vb >0

\/a+b_2\/§): \/(\/5_\/5)2\/5_\/5 ...................... @

Using (@ and(@®), the following example can be easily solved. For examgﬂ8,+ 2V15is
solved by usingD.

B+2VI5= \/(5+3)+2v53= (V5+ V3) = vB+ V3

So the squaring is takerfo

Example problems: excluding squares

Take df the following squares.

(1) \J7+4V3 (2) \/9-2V14 (3) \/3+ VB
O Answerd]
1)
\/7+ 443 = \/7 +2V12 <«When taking two roots out, make into this
5 shape
= (\/21+ \/é) < Squared
=V4+V3=2+ V3 <« Double root taken out
@ 2
\/9—2«/ﬂ=\/(«/7—«/§) «(c -0)’000000000 >0 000
goooooood
=V7- V2
3) V3
\/3 + 5= \/3 +VEx £ <« although there is no 2 under the root sign, you
\/E can multiply root 2 to both the numerator and

the denominator in order to make the form 2
root.
—www.ftext.org—
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=\/§+1: V10+ V2

< Keep the denominator rational.

\z 2
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m Factorization using the reversed Formulas: Product of addition and subtraction of inte-
gral expressionson p.17

Example Questions: Factorization using the reversed Formulas: Product of addition and subtraction o

Factorize the following expressions.

(1) a-9 (2) 4x? - 25y?
(3) (a—h)?-c? (4) 4x%2 - 9(a-b)?
0 Answerss] ‘
1)
a-9
a -3
=a® -3 <« ala | -3
33| -9
~(a+3)@-23) <
2
4x% — 252
2X —by
=(2x)% - (5y)? < 2x | &2 | —10xy
5y | 10xy | —25/2

=(2x + 5y)(2x — 5y)

3)
(a-b?-c2
a-b -C
={(a-b)+cj{(a-b)—c} <« a-b | (a-b? | -(a-b)c
c (a-b)c —c?
=(a-b+c)(a-b-2c)
(4)
4x% — 9(a— h)?
2x -3(a-b)
=(2x)? - (3(a - b))? < X | —6x@@a—b)
3(a-b) | 6x(a—b) | -9(a- b)?

={2x+ 3(@—-b)} {2x - 3(a - b)}

=(2x + 3a - 3b)(2x — 3a + 3b)
Reversed formula: product of addition and subtraction of integral expression

3 a-b*=(a+b)(a-b)

@Notice quickly that you are able to factorize when the expression is in this shape:

02_2
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m Reversed factorization of Product of Linear Equation(p.18)

Let's usex? + 5x + 6 for an easy example to start with and factorize step by step
STEP1

To consider the expanded linear expressida
5x + 6, draw the table shown at the right. Just like
the table, fill in the diagonal wit?, then the con-
stant term.

STEP2

x? becomes x x when expanded, 6 may be fac-
torized by 1x 6 or 2x 3, so two tables are created.
((-1) x (-6) or (-2) x (—3) for factorizing 6 is un-
likely in this case since the ternxs positive).

STEP3
Fill in the other blanks to complete the table. By

using the table that sums up tx ®hen the bold
terms are added, factorization is completed.
O X2+ 5X+6=(Xx+2)(X+3)

(D Example Questions: Reversed factorization of Linear Equationg10] —

Factorize the following expressions.

(1) x> +10x+21 (2) x> —6x+8
(3) @ + 3ab— 18p? (4) a® - 4a—32
J
O Answerd] ‘ <« Tables below are some examples of tables
(1) when factorizing
X2 +10x + 21
x x |21 o X | 7
=x+(B3+7)x+3-7 <« x [ @T2ix]o x [ ¥ ] 7x
1| x|21 3 |3 |21
=(X+3)(X+7)

()

X2 — 6X+ 8
x X | -8 o X | -4
= X2 + (=2 — 4)x + (-2)(-4) < x | [-8|0 " x | ¥ |—4x
-1]-x| 8 -2 |-2x| 8
= (x - 2)(x - 4)
) 5 5
a” +3ab-18p
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X a —-18b X a 9
—a’+ (=3 + 6)ab+ (—3b)(6b) <« a | a |-18abh0 a | a | 9ab
3b 6b —b | —ab [-1802 —2b| -2ab|-1802
=(a- a+
(2.~ 3b)(a + 6b) R
a | a° | 6ab
4 —3b[-3ab|-1802
a’-4a-32
o a| -8
=a’+(4-8)a+4-(-8) < _afa[-8
4 | 4a| -32
=(a+4)(a-98)
Let’s try a harder example withx@ + 11X + 6.
STEP1
Similar to the example before, fill in the table as
shown at the right, with the highest degree term, 32
then the constant term diagonally. 5
STEP2
Since 3¢ factorizes tax x 3x and 6 is factorized 3x| 6 3x | 3
either by 1x 6 or 2x 3, four tables are created 32 32
as shown at the right. (It is possible that 6 can be 6 6
factorized by £1) x (—6) or (-2) x (—3) but since
. . 3x| 2 x| 1
the codficient of degree 1 of ternx is 11, these
. 3x? O 3x?
factors are not possible).
6 6
STEP3
Fill in the rest of the table§ and pick the one that 3| 6 x |3x| 3
has a sum of 11 for the cfiient of degreg 1 c?i 3| 6 32| 3x
and use that table to complete the factorization of
) 3x| 6 6x| 6
the expression.
0 3@+ 11x+ 6 = (x + 3)(3X+ 2) x| 2| x |31
0 3x?| 2x (O 3x?| x
9| 6 18x| 6

@When you get the hang of this table method, you will not have to make many
tables as shown on the example above. You will later be able to multiply terms

with one try.
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Example Questions: Reversed factorization of Linear Equation#20]

Factorize the following expressions

(1) 2x% +3x+1 (2) 582 + 7ab+ 2b?
3) 8x% — 10xy+ 3 4) 123 + 7a- 12
( y
0 Answerd] ‘ <« Tables below are some examples of tables
when factorizing
@ 232 +3x+1
X~ + oX+
o | 2x] 1
=23+ (2+ 1)x+1 <« x [ ] x
1]12x| 1
=(x + 1)(2x + 1)
) ) )
5a“ + 7ab+ 2b
° 5a | 2b x 5a b
=5aZ + (5 + 2)ab + 2b? <« a |57 |2ab|0 a |5 ] ab
_(a+ b)(5a+ Zb) b | 5ab | 2b? 2b | 10ab| 2b?
@
8x% — 10xy + 3y?
2 X 8x | -3y x 8x | -y
=8x° + (-6 — 4)xy + 3y2 <« x| 8" [-3xy|O x |8 [ -xy
—(2x )(4)( 3) -y | -8xy| 3y -3y [-24xy| 3y?
B Y y o 4x | -3y x 4x | -y
2x | 8x% | -6xy|O 2x | 8x° [-2xy
4 , “y [=axy| 3y 3y [-12xy| 37
12a° + 7a— 12
x 4a 3 o 4a -3
=12a° + (16— 9)a— 12 <1222 ] % | 3a| 12’ | %
_(3a+ 4)(4a 3) -4 | -16a | -12 4 16a | -12

Reversing Product of Linear Expression

4° X2+ (b+d)x + bd = (x + b)(x + d)
5° acX + (ad + bo)x + bd = (ax+ b)(cx + d)
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m Reversed factorization using the formula for squaring three terms(p.19)

Example Questions: Reversed factorization using the formula for squaring three ternis

Factorize the following expressions

(1) & + 4b? + ¢ + 4ab + 4bc + 2ca (2) 4% + V2 + 1 + 4xy + 2y + 4x
4a”+b°+1+4ab-2b-4a 4) X+ 4y° + —4xy + 12yz—- 6zx
3) 4a2 + b? b-2b 2 +4y? + 92 — 4xy 6
O Answerd]
(1) 2 2 2
a” +4b” + ¢“ + 4ab + 4bc+ 2ca a|2b| c
) 2 9 - . . a | a® |2ab| ac
=a"+(2b)°+c°+2-a2b)+2-(2b)c+2-ca “—b12ab a2 2hc
—(a+2b+ 0)? c [ac|2pbc| @
@
B + Y + 1+ AXy+ 2y + 4X x|y |1
3 2 P ) v q 2x | 4x2 | 2xy| 2x
=27 +Y+1°+2-(2y+2-y-1+2-1-X 1ot 2Ty
=(2x +y+ 1) Ll yl?
(3) y
4a° + b +1+4ab-2b-4a 2a| b | -1
—(99)2 L h2 4 (_1)\2 2a | 4a° | 2ab| -2a
=(2a) + b” + (-1) ‘5 20 & 1 <b
+2-(2a)b+2-b(-1)+2-(-1)a -1]-2a]-b| 1
=(2a+ b - 1)?
@
X2 + 4y? + 97 — Axy + 12yz— 62X X |-2y| -3z
2 2 2 x | x* [-2xy-3xz
=X+ (2y)" +(329) 2 a7 [ 6yz
+2-X(=2y) + 2+ (=2y)(-32) + 2 (-32)x —37[-3x4 byz[ 97
=(x — 2y — 32)*

Reversed usage of squaring three ter

6° & +b? +c? + 2ab+ 2bc+ 2ca= (a+ b+ ¢)?
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m Reversed factorization using the cubic formula #1(p.19)

Example Questions: Using reversed cubic formulatl to factorize

Factorize the following expressions.

(1) X3 + X%y + 27xy? + 27y°
(3) x*-6x2+12x-8

(2) 8a% + 12ab + 6ab? + b°
(4) 27x3 - 54x%y + 36xy? — 8y°

0 Answerd]

1)
X2+ 9X%y + 27xy + 27y°

=x° +3-X(3y) + 3- X(3Y)° + (3¥")
=(x + 3y)°

(2) 3 2 3
8a% + 12a’b + 6ak’ + b

=(2a)® + 3- (2a)’b + 3- (2a)b? + b*
=(2a + b)®

3 5
X3 — 6X% + 12x -8
=x*-3-x%-2+3-x-22-28
=(x - 2)°

4)
27x% — 54x%y + 36xy* — 8y°

=(3%)° - 3- (3%*(2y) + 3 (3)()* - ()°

=(3x - 2y)°

Reversed cubic formula#l

7° a®+ 3a?b + 3ab? + b® = (a+ b)®
8 a®-3a’b+ 3ak’ - b® = (a-b)®

@With this kind of factorizationa®+o +0 + b?, arrange the expression @+ b)3
cubed format first, then expand later to check your answer.
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m Reversed factorization using the cubic formula #2(p.20)

Reversed factorization using the cubic formulai#20

Factorize the following expressions

(1) x®+27 (2) 8a®+1
(3) 8¢ — 27y° (4) 6483 — 12%°
0 Answers] ‘
1)
X + 27
X | -3x | 9
=3+ 33 <« x| x® | =3 | 9x
332 -ox | 27
=(x + 3)(x? = 3x + 9)
(2) .
8a’+1
42 | -2a | 1
=(2a)® + 13 <« 2a|8°|-4a° | 2a
14| -2a 1
=(2a+ 1)(4a®* - 2a + 1)
3)
8x% - 27y
4x2 6xy 9y?
=(2x)% - (3y)® <2 | 8¢ | 12y | 16xy
By | 123y | -18x72 | 278
=(2x — 3y)(4%? + 6xy + 9y?)
(4) 5 5
64a° — 12%
1622 20ab 2502
=(4a)® - (5b)® <«"Za | 648 | 80a%b | 100al?
~5b | —80a2b | —100ak? | —1250°
=(4a - 5b)(16a” + 20ab + 25b7)

o a®+bd=(a+b)a®-ab+b?
10° a® - b® = (a— b)(@ + ab+ b?)

Reversed cubic formula#2

@It is easy to forget this 2 + [0 3 type of factorization so be familiarized with it.
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1.2.6 0 Complex Factorization [

m Factorization of cubed expression with three variables
Mentioned before in cubic formula #1 (p.19), whent{b)3 is expanded:

(a+b)® =a°+3a’b + 3a’ + b°
So

a® + b® = (a+ b)® - 3a%b — 3ab?
o a+bP=(@+bd-3aba+b) @

is formulated. Accordinglya3 + b3 + c3 — 3abccan be factorized in the following:

Memorize: Factorizing cubed expression with three variableg
Factorizea® + b® + ¢ — 3abc ]

a+b®+c®-3abc

= {a®+b?} + ¢ - 3abc <«Noticea® + b
= {(a+b)* - 3ab(a+ b)} + c* - 3abc <used®
= (a+ b)® — 3ab(a+ b) + ¢® - 3abc
= (a+b)® + c® -3ab(a + b) — 3abc <000 (a+bP+c00000
o m]
= {(a+b) +c}{(a+b)* - (a+b)c+c*} -3ab{(a+b) + c] «theo partis factorized by making
—j’—’ a+b=X,c=yand using
° X3+ Y3 = (X +Y)(X2 - XY+ Y2)
=(a+b+c){a®+2ab+ b? —ac- bc+ ¢*} - 3ab(a+ b+ c) 00000 (p33)0000
= (a+b+c)(@ + 2ab+ b? — ac— bc+ ¢ — 3ab) <« Factorized by common factoa ¢
b+c¢)

=(a+b+c)@+b?+c%—ab-bc-ca)

Factorization of cubic expression with three variable

11° a® + b® + ¢ — 3abc= (a+ b+ c)(@® + b?> + ¢ —ab- bc- ca)

@Since this factorization is not easy to memorize, review the steps shown above to
practice.
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Example Questions: Factorizing cubic expressions with three variablés
Factorize the following expressions.

(1) 27a° + 8b® + ¢ — 18abc (2) x®+y?>—1+3xy

0 Answerd]

1
@ (3a)? + (2b)® + ¢ — 3(3a)(2b)c

= (3a+ 2b + c)(9a® + 4b? + 2 — 6ab - 2bc - 3ca)

(2)
X+ Y2+ (-1)° - 3xy(-1)

=(X+y-1)0C+yY+1-Xxy+y+Xx)

m Factorization of compound quadratic expression

Although there are integral expressions that heévas a single unit, we will be considering

factorization of expressions that are called compound quadratic expressions.
Definition of Compound Quadratic Expression

When real numberad bO ¢ are constant,

ax*+bX¥ +c

This form of expression is calletbmpound quadratic expressiononly whena = 0.

For instance, consider the following two compound quadratic expressions.
i) x* - 13x% + 36 i) x*+2x°+9

i) Factorizex* — 13x° + 36
First, whenx2 = X, this expression can be simplifiedX3 — 13X + 36 = (X — 4)(X - 9)
and use this to factorize:
x* - 13x% + 36
= (X% -4)(¢-9)
=(X+2)(x-2)(x+ 3)(x—23)
i) Factorizex* + 2x? + 9

In this case, whem2 = X, X2 + 2X + 9 cannot be factorized.
So focus orx* and 9 to factorize:

X +2x°+9
= X'+ 6X° + 9 — 4% — Add 4% to 2¢ in order to make a square
= (¥®+37 —(2x)? — the form ob 2 - 0 2
~———

make into a square
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= (0@ +3)+ 2x}{(® + 3) - 2}
= (% + 2x + 3)(X* — 2x + 3)

Factorization of Compound Quadratic expressio

Factorization of compound quadratic expressiah+ bx? + ¢ by,

i) substitutingX for x?
ii) Focus orax* andc to add anothex? term

Can be concluded.

@When i) does not work, remember ii) in order to solve the expressions. For detail,
refer to p??
Example Questions: Factorizing Compound Quadratic Expressioris
Factorize the following expressions.

(1) x*-7x*-8 (2 ¥ +x2+1

O Answerd]
(1) SubstituteX for x2,

(Given expression¥ X2 - 7X - 8
~ (X +1)(X - 8)
= (X2 + 2x+ 1)(x* + 2x - 8)
=(x+ 1)2(x + 4)(x - 2)

(2) Focus orx* and 1,

(Given expression¥ x* + 2x% + 1 — x?
=+ 12 -

=(C+1+X0C+1-x)

=(C+x+1)0C=-x+1)
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m Factorization of quadratic expression with two variables.
Consider factorizing? + 4xy + 3y + x + 5y — 2.
O Method #1. Draw a 3 — by — 3 tablel
STEP1

When factorizing

X2 + 4xy +3y? +X + 5y—-2

3y

transfer the termx® (x%), termy? (3y?), and the con-

stant term £2) to the table as shown at the right.

STEP2

Start filling in the outer left corner, like the table

at the right.
First start withx2.

O

3y?

STEP3

As shown at the right,y8andy is inserted since

3y? can be factorized. Whexy and Xy forms, the

Xy

sum of these two terms should equal they # the
expression. (% = (-3y)timeg-y) does not have

3xy | 3y?

to be considered since the sum of the terms will be

—4xy).

X2 +4xy +3y? + X+ 5y - 2

STEP4

Lastly, factorize the constant termZ).

Lastly, factorize the constant 9 X v |1

X X

y

term (2). The two tables on

X2 | xy | x
the right with x and —2x does

x | x2

Xy

. . 3y | 3xy | 3y
not equal+x in the expression

3y | 3xy

3y?

-2 | =2x -2

1 X

X2 + 4xy + 3y2 + X+ 5y — 2 so

leads to the answerx& 3y — 1)(X + y + 2).

these two are omitted. Then fill in the rest of the table to find the one that egbgle/hich

x X y | o X y 2

0 Method #2: First Arranging the expgepsign [inyihe dgscending ogdef gf powser) then
3y |3xy|3y?| -3y| 3y|3xy|3y| 6y
—wwg. ftogtloRg - 2 | —1| -x | -y | -2
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making the tablel
First, arrange the expressiod + 4xy + 3y? + X + 5y — 2 as an expression of in the
descending order of powers.

X2+ (dy + 1)x + 3y? + 5y — 2
Then factorize the terms that do not contain
X2+ (4y + 1)x+ (By - 1)(y + 2)

Similar to reversing the product of linear expression (p.28), create tables, like the ones below
and fill in by order.

X y+2 o X y+2
X X2 - X X2 (y + 2)x
y-1 By-1)y+2) y-1|Ry-1Lx| By-1)y+2)

SO

(X+y+2)(x+3y—1)

@Although this method may seem easier to solve, it is actually more painstaking
whenx? has a cofficient. On the other hand, method #1 has only one step; thus,
use method #1 first to improve your factorization skills.

Example Questions: Factorization of quadratic expression with two variables

Factorize the following expressions.

(1) 2x? + 5xy+ 3y? + 2x + 4y — 4 (2) 6X% — 5Xy—6y? + 4x + 7y — 2

0 Answerd]

(1) O method 1[0
On the 3- by — 3 table;

X X y X y 2
2x | 2x2 2x | 2x2 | 2xy 2x | 2x% | 2xy | 4x
0-0 0 -0
3y? 3y | 3xy | 3y? 3y | 3xy | 3y? | 6y

4 4 2| —2x| -2y | -4

Is created so,

2x% + BXy+ 3y? + 2x+ 4y — 4
=(2x+3y-2)x+y+2)

0 method 21
Arrange the expression in termsxin the descending order of power.

2x% + BXy+ 3y? + 2x+ 4y — 4
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=2X2 + (By + 2)x+ 3y? + 4y — 4
=2x%% + (5y + 2)x+ (3y - 2)(y + 2)

So the table
X X y+2
2x | 2x2 0—-0 2x 2x? 2x(y + 2)
QBy-2)y+2) y-2| y-2)x | By-2)y+2)
Is created.

2% + 5xy+ 3y* + 2x + 4y — 4
=(2x+3y-2)(x+y+2)

(2) 0 method 1o
On the 3- by — 3 table;

3X 3X 2y 3X 2y | -1

2x | 6x° 2x | 6x% | 4xy 2x | 6x% | 4xy | —2x
-0 -0

—-6y? -3y | —9xy | —6y? -3y | -9xy | —6y? | 3y

-2 -2 2 6x v | -2

Is created so
6X% — 5xy — 6y* + 4x + 7y — 2
=(2x=-3y+2)(3x+2y-1)

0 method Z
Arrange the expression in terms>oin the descending order of power.

6x% — 5Xy — By* + 4X+ Ty — 2
=6x% — (5y — )X — (6y? — Ty + 2)
=6x% - (5y — 4)x— (3y - 2)(2y - 1)

So on the table,

3x 3x 2y-1
2X | 6x2 0 -0 2X 6x2
Gy-2)(y-1) -By-2) -Gy-2)(y-1)
Is created.

6X% — 5xy — 6y* + 4x + 7y — 2
=(2x=-3y+2)(3x+2y-1)
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(D Example Questions: Practicing Factorizatiori] ~

Factorize the following expressions.

1) -1
(3) 5(x+Yy)* - 8(x+y) - 4
(B) xy—x-y+1
(7) Xy —2) + Y (z2—X) + Z(x-Y)
9 x¥*+x2+1
2
\(11) X2 —xy— 1242 + 5X+y+ 6

(2) a8 — bb

(4) (a+ b)? + 10c(a+ b) + 25¢2
(6) & + b? + ac— bc— 2ab

(8) ab(a—b) + bc(b—c) + ca(c - a)
(10) a* + 64

(12) 2x% —y? = xy+ 3x+ 3y -2

0 Answerd]
1
1) of—1)
=04+ 1)(¢ - 1)

()

3)

(4)

(5)

(6)

= (< + 1) + 1) - 1)
=0+ D)0+ D)X+ 1)(x - 1)

a®—b°
= (a® + b%)(a® - b°)
= (a+ b)(@® — ab+ b%)(a- b)(a® + ab+ b?)
= (a + b)(a— b)(a®—ab+b?)(a’+ab+b?)

SubstituteX for x +y

5X% - 8X -4
= (65X + 2)(X - 2)
=(Bx+5y+2)x+y-2)

SubstituteX fora+ b

X? + 10cX + 25¢2
= (X + 5¢)

=(a+ b+5c)?

Arrange it in terms ok in the descending orde

of power.
y-Dx-(y-1)
=(x-1)y-1)

Arrange it in terms ot in the descending ordg¢

< Reversed squared formulas(p.25)
< Reversed squared formulas(p.25)

< Reversed squared formulas(p.25)

< Reversed squared formulas(p.25)

< Reversed cubic formula 2(p.33)

< Reversed factorization of Product of Linear

Equation(p.28)

< Reversed squared formulas(p.25)

O

=

D

=
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of power.
(a-b)c+a®+b?-2ab
= (a-b)c+ (a-b)?
=(a-b)c+(@a-h)y(a-h)
=(a-b(a-b+c)

(7) Arrange it in terms ok in the descending ord¢
of power.

(Y- 2% = (¥ - 2)x+Y'z-yZ
=(y-2¥°-(y+2(y-2 +ydy-2
= (-2~ (y+x+y
=(y-2d(x-y)(x-2

(8) Arrange it in terms ok in the descending ord
of power.

(b-c)a? - (b? - c?)a+ b’c - b®
=(b-c)a’ - (b+c)(b—-c)a+bcb-c)
=(b-c){a® - (b+c)a+ b
=(b-c)(a-b)(a-0)

(9) Focus orx* and 1

X142
=(C+ 1P -2 + %
=X +1P%-x
=(C+1+X0C+1-%)
=0+ x+ 1) -x+1)

(10) Focus ora* and 64

(a® + 8)? — 16a°

= (a® + 8 + 4a)(a’ + 8 - 4a)

= (a® + 4a+ 8)(a’ - 4a + 8)

(11) Draw a 3- by — 3 table

< Organizing by the terms with the lowest de-
gree can be helpful

D

r

< Notice the expression as an expressiomn of

Y

r

<« Notice the expression as an expressioa of

<« Factorization of compound quadratic ex-
pression(p.35)

<« Factorization of compound quadratic ex-
pression(p.35)

<« Factorization of cubed expression with
three variables(p.34)
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X -3y 2
X X 3xy | 2x
—dy | —4xy | —-12y* | -8y
3| 3 | 9 | 6

which can be factorized into
(X=4y+ 3)(x+ 3y + 2)
(12) Draw a 3— by — 3 table <« Factorization of cubed expression with
X -y 2 three variables(p.34)

2x | 22 | —=2xy | 4x
y | x| V¥ |
-1| —x y -2

which can be factorized into

(Xx=4y+3)(X+ 3y + 2)
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